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Myosin motor proteins drive vigorous steady-state fluctuations in the actin cytoskeleton of cells.
Endogenous embedded semiflexible filaments such as microtubules, or added filaments such as single-
walled carbon nanotubes are used as novel tools to noninvasively track equilibrium and nonequilibrium
fluctuations in such biopolymer networks. Here, we analytically calculate shape fluctuations of semi-
flexible probe filaments in a viscoelastic environment, driven out of equilibrium by motor activity.
Transverse bending fluctuations of the probe filaments can be decomposed into dynamic normal modes.
We find that these modes no longer evolve independently under nonequilibrium driving. This effective
mode coupling results in nonzero circulatory currents in a conformational phase space, reflecting a
violation of detailed balance. We present predictions for the characteristic frequencies associated with these
currents and investigate how the temporal signatures of motor activity determine mode correlations, which
we find to be consistent with recent experiments on microtubules embedded in cytoskeletal networks.
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Living cells are a prime example of active matter,
typically driven out of thermodynamic equilibrium by
molecular force generators [1–5]. In cytoskeletal networks,
myosin motors are the dominant actors driving nonequili-
brium dynamics [6–13], which can be captured in simplified
reconstituted systems [14–20]. Myosin motors generate
mechanical force by coupling the hydrolysis of adenosine
triphosphate to conformational changes in a mechanochem-
ical cycle [6]. Recently, it was demonstrated that motor
activity can break detailed balance and give rise to circulat-
ing probability currents in a phase space of collective
degrees of freedom in cellular systems [12]. However, it
remains unclear how broken detailed balance propagates
from molecular-scale dynamics to large-scale collective
dynamics in cytoskeletal networks. An elegant way of
noninvasively investigating the dynamics of active biologi-
cal networks across a range of length scales is to track
embedded probe filaments such as microtubules [15] or
single-walled carbon nanotubes [9]. A careful analysis of the
shape fluctuations of such a probe filament can reveal the
active nature of its environment including potential viola-
tions of detailed balance, but a theory for the stochastic
dynamics of these systems is still lacking.
Here, we develop an analytical theory describing the
nonequilibrium dynamics of a large probe filament
embedded in an active viscoelastic gel as a model for a
cytoskeletal network with spatially distributed motors
(Fig. 1). We derive a Fokker-Planck description of the
statistical properties of the dynamics in a phase space
spanned by the bending modes of the probe filament.
Under steady-state conditions, we find broken detailed
balance in the form of nonzero probability currents, which
exhibit rotations in phase space with characteristic frequen-
cies. Conceptually, the breakdown of detailed balance in
mode space is found to arise from a nonuniform distribution
of the active forces acting on the filaments, where sites that
experiencehighermotor activity dissipatemechanical energy
along the probe filament. These currents are a telltale
signature of nonequilibrium dynamics and can in principle
be inferred directly from experiments [12], providing a
noninvasive method to identify and quantify nonequilibrium
FIG. 1. Schematic of the model: A semiflexible probe filament
(blue) is embedded in a cross-linked actin-myosin network (light
gray). Actin filaments in the network are contracted by engaged
myosin motors (red). This active network interacts with the probe
filament through entanglement points (black dots) spaced at a
length scale lM, inducing nonequilibrium bending fluctuations in
the filament.
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dynamics. We consider the appropriate dynamic normal
modes of the probe filaments. These modes evolve inde-
pendently in thermodynamic equilibrium. By contrast, we
find that motor activity induces correlations between the
dynamic normal modes. Furthermore, activity selectively
enhances bending fluctuations on a characteristic length
scale that stems from the balance between filament bending
elasticity and network elasticity, as observed in experi-
ments [15].
Building on previous work [7,21,22], we propose a
model for the fluctuations of a semiflexible probe filament
of length L embedded in a homogeneous viscoelastic
network at temperature T. Randomly distributed motors
are added to this gel and exert forces on the filaments (e.g.,
actin filaments) forming the network. Stresses then propa-
gate through the gel and act on the probe filament at
entanglement points between this filament and the network
(Fig. 1). We assume that both thermal forces and motor
forces propagated through the network induce small trans-
verse fluctuations of the probe filament. To capture these
fluctuations, we parametrize the shape of the weakly
undulating filament at time t by the transverse deflection
r⊥ðs; tÞ along its arc length s. Such transverse deflections
result in a restoring force per unit length fbend ¼ −κ∂4r⊥=∂s4ðs; tÞ, assuming the filament can be described as an
inextensible wormlike chain [23–25] with a bending
rigidity κ. When the filament bends, the resulting network
deformations also exert forces on the filament, fnetwork ¼R
t
−∞ dt
0αðt − t0Þr⊥ðs; t0Þ, where the memory kernel αðtÞ
represents the response function to a transverse force,
capturing the viscoelastic properties of the embedding
medium.
The probe filament is entangled with the network at
points separated by a length lM of the order of the mesh
size. Thus, wewill assume that active forces with an average
amplitude fi act independently on the probe filament at
discrete sites si, with a typical separation lM along the
filament (Fig. 1). We do this to model the dominant effect of
nearby motors in the network, and we do not include far-
field contributions from distant motors [26,27]. Under these
assumptions, the total motor-induced forces on the probe
filament can be approximated as
fMðs; tÞ ≈
X
i
fiT iðtÞδðs − siÞ: ð1Þ
Wemodel the dynamics of active forces fiT iðtÞ at the point
where they act on the probe filament as independent random
steplike processes with a constant amplitude jfij. For
simplicity, we ignore fluctuations in the active force ampli-
tude. In other words, the temporal behavior of a singlemotor
is assumed to be a telegraph process: T ðtÞ switches
randomly from zero (motor not engaged) to one (motor
engaged) at a rate τ−1on , and back to zero at a rate τ−1off . The
autocorrelation of the motor forces is then [28]
hT nðtÞT nðt0Þi ¼ C1 þ C2e−jt−t0j=τM ; ð2Þ
where τ−1M ¼ τ−1on þ τ−1off , C1 ¼ τ2off=ðτon þ τoffÞ2 and C2 ¼
τonτoff=ðτon þ τoffÞ2 are dimensionless constants. Although
this is a simple model for the dynamics of motor-generated
forces, the corresponding power spectrum SðωÞ is
Lorentzian. Such a Lorentzian spectrum captures the essen-
tial features observed in experiments [7–10] of becoming
white-noise-like, SðωÞ ∼ const, for low frequencies, while
following a power-law SðωÞ ∝ ω−2, for high frequencies.
It is convenient to expand the deflections of the probe
filament r⊥ðs; tÞ ¼ L
P
qaqðtÞyqðsÞ into a sum of orthogo-
nal eigenmodes yqðsÞ with eigenvector q of the beam
equation γ∂r⊥=∂t ¼ −κ∂4r⊥=∂s4 with free boundary con-
ditions at the ends [24]. In the yqðsÞ-mode space the
equation of motion of the probe filament becomesZ
t
dt0αðt − t0Þaqðt0Þ ¼ −κq4aqðtÞ þ fM;qðtÞ þ ξqðtÞ: ð3Þ
This equation describes the force balance fnetwork ¼
fbend þ fM þ ξ, with thermal forces ξ. Indexed quantities
in Eq. (3) denote projected variables, such as the projected
motor-induced force fM;qðtÞ ¼
P
ifi=LyqðsiÞT iðtÞ.
In reconstituted actin networks and live cells, myosin
activity has been found to lead to enhanced fluctuations of
the bending modes of embedded microtubules [9,15].
Motivated by these experiments, we derived analytical
predictions of mode fluctuations using realistic values
for the time scales of myosin activity. The Fourier trans-
form of the memory kernel αˆðωÞ [Eq. (3)] is related to the
shear modulus GðωÞ of the medium through αˆðωÞ ¼
k0GðωÞ, with a geometrical constant k0 [29,30]. Here we
use k0 ≈ 4π, with logarithmic corrections depending on the
filaments dimensions [6]. For low enough frequencies, the
viscoelastic properties of cross-linked networks of semi-
flexible polymers can be approximated as a simple elastic
solid in a solvent with GðωÞ ≈G0 − iηω, where η is the
solvent viscosity. In general, the rheology of cross-linked
actin networks can be characterized by two frequency
regimes [31]: a low-frequency plateau regimewith modulus
G0, and a high-frequency regime where the complex
shear modulus scales as GðωÞ ∼ ð−iωÞ3=4 [32,33]. Here,
we do not consider the latter, which typically sets in at
frequencies of order 100 Hz [31], beyond frequencies
where motor-generated fluctuations typically domi-
nate [7,8,10].
Using this low-frequencymodel for the coupling between
the probe filament and the active gel, we arrive at a mode
correlation function, including thermal and motor-
induced contributions, haqðtÞawðt0Þi ¼ haqðtÞawðt0ÞiTh þ
haqðtÞawðt0ÞiM given by
haqðtÞawðt0ÞiTh ¼
kBTτq
L2γ
δq;we−jt−t
0j=τq ; ð4Þ
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haqðtÞawðt0ÞiM ¼
C2
L2γ2
Fq;wCq;wðt − t0Þ; ð5Þ
with coupling coefficients defined as Fq;w ¼
f2
P
iyqðsiÞywðsiÞ (see Supplemental Material [34]), and
a mode relaxation time τq ¼ ðκq4=γ þ G0=ηÞ−1, where
γ ≈ 4πη.
The function Cq;wðΔtÞ encodes the active contribution to
the temporal evolution of the mode correlation function,
which is characterized by a competition of mode and
motor time scales. Regarding the autocorrelation
[Cq;qðΔtÞ≡ CqðΔtÞ], we obtain
CqðΔtÞ ¼
1
τ−2q − τ−2M

e−jΔtj=τM −
τq
τM
e−jΔtj=τq

: ð6Þ
The dynamics of filaments are conceptually similar to the
active dynamics of other extended objects such as mem-
branes [35,36]. Importantly, CqðΔtÞ in Eq. (6) is finite for
all q, even when τq ¼ τM. Naturally, the motor time scale
τM imposes a lower bound on the relaxation times τq, since
modes can never decorrelate faster than the force that is
driving them, consistent with simulations of active poly-
mers [37]. Indeed, limq→∞CqðΔtÞ=Cqð0Þ ¼ e−jΔtj=τM , which
implies that relaxation times inferred from mode fluctua-
tions will converge to the motor time scale for high enough
mode number. We verify this implication with Brownian
dynamics simulations of filaments in active viscoelastic
media, as shown in Fig. 2(c). To compare our theoretical
predictions [Eqs. (4) and (5)] with experimentally recorded
fluctuations, it is convenient to consider the backbone angle
θðs; tÞ ≈ ∂r⊥ðs; tÞ=∂s instead of the lateral deflection
r⊥ðs; tÞ [38]; θ-mode amplitudes bq are related to the r⊥
modes through bqðtÞ ¼ LqaqðtÞ. The predicted θ-mode
fluctuations, hΔb2qðΔtÞi ¼ 2hb2qðtÞi − 2hbqðtþ ΔtÞbqðtÞi,
exhibit enhanced fluctuations near the characteristic wave
vector q ∼ ðG0=κÞ1=4, as shown in Figs. 2(a) and 2(b). This
scaling law was derived for an infinite rod in a purely
elastic medium [39] and has been both discussed and
experimentally observed by Brangwynne et al. [15]. Here,
we recover this characteristic length scale as the scale
where active fluctuations calculated in our analytic model
reach a maximum.
We now consider the low-frequency dynamics of the
probe filament, i.e., fluctuations at frequencies small
compared to the rate of motor-driven events ω < 2π=τM.
At such low frequencies, motor correlation times become
negligible, allowing us to approximate the telegraph proc-
ess T nðtÞ [see Eq. (2)] as white noise. Thus, the low-
frequency limit enables us to describe the noise terms in
Eq. (3) by simple statistical processes, such that both
thermal ξqðtÞ and motor-induced processes fM;qðtÞ can
be combined in a single Gaussian random variable ψqðtÞ,
with a correlator hψqðtÞψwðt0Þi ¼ 2γ2Dq;wδðt − t0Þ, where
the diffusion matrix is given by
Dq;w ¼
1
2L2γ2
ð2kBTγδq;w þ C2τMFq;wÞ: ð7Þ
An example of the matrix of coupling coefficients Fq;w [see
also Eq. (5)] is shown in the inset of Fig. 3 with a regular
distribution of motor interaction points si. In this case,
modes of different parity do not couple due to symmetry,
while, for instance, modes located on the 7 − 7 off-diagonal
couple strongly in this example. Note, an uneven local
distribution of active forces along the probe filament in a
disordered network will in general lead to coupling between
even and odd modes (see Supplemental Material [34]). We
also find that the coupling strength decreases with an
increasing density of motor interaction points l−1M
(Fig. 3). The coupling coefficients must indeed vanish for
high motor density, since in this limit the coupling coef-
ficients represent an inner product of two orthogonal modes.
The nondiagonal structure of the diffusion matrix
[Eq. (7)] has important implications for the nonequilibrium
dynamics of the system. We explore these implications by
developing a Fokker-Planck description of the dynamics of
the probability density ρð~a; tÞ, where ~a is the bending mode
amplitude vector. This probability density satisfies the
continuity equation ∂ρ=∂t ¼ − ~∇ · ~j, where the current
density ~j is given by
FIG. 2. (a) Thermal θ-mode fluctuations hΔb2qðΔtÞi vs wave
vector q for different lag times Δ. Open symbols are values
obtained from simulations with free-rod boundary conditions,
while closed symbols are results for fixed ends. Continuous lines
represent theoretical predictions. The vertical dashed line in-
dicates q as defined in the text. The viscosity and bending
rigidity are given by η ¼ 1 Pa s and κ ¼ 4 × 10−24 Nm2 (as in
[15]), while L, T, G0, and τM were set to 10 μm, 300 K, 10 Pa,
and 0.5 s, respectively. (b) Active case at the same lag parameters
and times as in (a) with f ¼ 5 pN and lM ¼ 0.45 μm. (c) De-
correlation times inferred from simulations of actively driven
filaments (open symbols) converge to the motor time scale τM
(green line). In the passive case, mode decorrelation times
correspond to mode relaxation times which decrease (without
bound) as q−4 (dashed line).
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~jð~a; tÞ ¼ K~aρð~a; tÞ −D ~∇ρð~a; tÞ: ð8Þ
Here, K and D denote the deterministic matrix
Kj;k ¼ −ðκq4j=γ þ G0=ηÞδj;k, and the diffusion matrix
[Eq. (7)]. In general, broken detailed balance, i.e., finite
~jð~a; tÞ, is ensured when ðKDÞq;w ≠ ðKDÞw;q, independent
of the choice of the coordinate system [40,41].
To investigate the behavior of our model, we plotted the
steady-state probability and current distributions in the
a1 × a3 plane [Fig. 4(a)], integrating out all other degrees
of freedom. The currents (white arrows) exhibit a clockwise
circulation in this plane of mode space. Importantly, the
breaking of detailed balance in this mode space does not
arise from energy exchange between bending modes, but
rather from how stochastic motor forces induce mode
correlations. In the absence of motor forces, these modes
evolve independently, such that the system can be
described by a series of uncoupled 1D systems. Perhaps
counterintuitively, we expect the coupling and resulting
currents to vanish in the limit of high motor density (Fig. 3).
Interestingly, it has also been argued that heavy-tailed
histograms of particle displacements in active networks
approach Gaussian distributions in the high motor density
limit [26,27]. Thus, high densities of motors can lead to
behavior resembling thermal equilibrium. In general, how-
ever, neither Gaussian displacement distributions nor
detailed balance in the mode dynamics are sufficient
conditions for equilibrium [12,13].
It is illuminating to study different projections of the
probability currents to characterise the nonequilibrium
dynamics. We calculated the joint probability and current
distribution in the a1 × a3 × a5 subspace, as shown in
Fig. 4(b). A slow circulation around the a3 axis is
accompanied by a faster circulation around the a1 axis,
reflecting the decrease of the relaxation time τj with
increasing mode number j. The precise structure of the
currents is determined by the geometrical details of the
interaction of motors with the probe filament, as described
by the coupling coefficients Fq;w (see Fig. 3).
A circulating current implies a preferred sense of rotation
in configurational space of the underlying stochastic
dynamics, with an associated cycling frequency ωq;w that
scales with the magnitude of the current. To obtain an
estimate for this frequency ωq;w, we focus on the origin of
the probability current, the active force term fM. From the
active mode correlators [Eq. (5)] we obtain the mode-
correlation matrix C for τM=τq ≪ 1, which we use to solve
the Fokker-Planck equation with white noise. This yields a
closed form of the probability flux ~jð~aÞ ¼ Ω~aρð~aÞ, where
Ω ¼ ðKþ DC−1Þ. Under steady-state conditions, ~jð~aÞ is
purely rotational because ~∇ · ~j ¼ 0, implying purely imagi-
nary eigenvalues of Ω, which constitute the cycling
frequencies associated with the circular probability currents
[40]. It is instructive to consider the cycling frequency ωq;w
FIG. 3. Coupling coefficients Fq;w (defined in the text) for three
different mode pairs as a function of the motor interaction density
1=lM with f ¼ 10 pN, L ¼ 10 μm. Evenly spaced interaction
sites sn were placed along the probe filament. Because of the
orthogonality of the bending modes yqðsÞ, the coupling strength
decreases with density 1=lM (black line indicates power-law with
exponent −1). The inset shows the coupling matrix for the first 11
modes for fixed interaction spacing (lM ¼ 1.66 μm).
FIG. 4. (a) Nonequilibrium probability and current distributions
for modes 1 and 3. Other degrees of freedom were integrated out.
Colors indicate the value of the nonequilibrium probability
density ρð~aÞ and white arrows indicate the magnitude of
probability flux ~jð~aÞ. Parameters were set to model a microtubule
in an actin network with parameters as in Fig. 2, τM ¼ 0.3 s,
lM ¼ 1.6 μm, and f ¼ 10 pN. (b) Nonequilibrium probability
(a1 × a3 plane) and current distributions for modes 1, 3, and 5
where the full current profile was retained. Parameters were
chosen as in (a).
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of a two-dimensional system aq × aw (see Supplemental
Material [34]). The leading-order term of a power expan-
sion of ωq;w in Fq;w reveals dependencies of the current on
relaxation times and coupling coefficients
ωq;w ≈
ðτq − τwÞFq;wﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Fq;qFw;wτqτwðτq þ τwÞ2
q : ð9Þ
The sign of this frequency indicates the direction of the
current circulation in mode space (Fig. 4). This underlines
that detailed balance in a space of normal mode amplitudes
of the filament is broken if and only if motor activity drives
several modes with different relaxation times at once such
that Fq;w ≠ 0. Motor activity impacts the filament on the
scale lM, inducing a coupling between the bending modes
of the filament. This result does not hinge on the motor time
scale τM and applies even when the driving forces acting at
the discrete points are described by white noise. In contrast,
thermal forces impact the filament homogeneously, and
thus do not introduce coupling between different bending
modes. Interestingly, if we consider an ensemble of
filaments dispersed throughout a random network, each
filament will sample a different local interaction profile
fMðs; tÞ. Therefore, we expect that nonequilibrium mode
coupling will vanish when averaging over an ensemble of
filaments, restoring detailed balance, even in an active
system.
The cross-correlations and currents predicted by our
model could, in principle, be tested experimentally. It is not
a priori obvious which projections of mode space will
reveal the largest currents, but highly correlated mode pairs
constitute likely candidates. Probing detailed balance in
fluctuations of probe filaments and measuring cycling
frequencies will be an ideal, noninvasive tool to detect
and quantify motor activity in biological networks, living
cells, and tissues [9,10,15].
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